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COMPUTATION O F  3-DIMENSIONAL! EDDY CURRENT PROBLEMS 
BY USING BOUNDARY ELEMENT METHOD 
k. Misaki and H. Tsuboi 
Abstract  - The boundary  element method f o r  computing 
3-dimensional  eddy c u r r e n t  d i s t r i b u t i o n s  is presented.  
This method is based  on  Vector  Green's Theorem, and 
unknown e l e c t r i c   f i e l d   v e c t o r s  and  magnetic  flux 
dens i ty   vec to r s   a r e  assumed on the  boundaries  of two 
materials,   and unknown e l e c t r i c   f i e l d   v e c t o r s   a r e  
assumed in  the  conductor  regions.  After  determining 
these unknown vectors,  3-dimensional  eddy  current 
d i s t r ibu t ions   i nthe  conduc to r s   a r e  computed. The 
computation  results  of  aconducting  sphere model by 
t h i s  method were examined in   con t r a s t  to  those  of  a
coupled circui t  model. 
INTRODUCTION 
The computation  f  3-dimensional  eddy  current 
d i s t r ibu t ions  has  been  becoming increasinqly important 
in   o rder   to   ach ieve   the   ra t iona l   des ign  of e l e c t r i c a l  
machinery and apparatus. Recently, there have been many 
useful  papers  writ ten  concerning  numerical  methods t o  
compute eddy cu r ren t  d i s t r ibu t ions .  
The purpose  of   this   paper .  i s  to   desc r ibe   a  
boundary  element method f o r  computing  3-dimensional 
eddy cur ren t   d i s t r ibu t ions .   This  method is based on 
Vector  Green's  Theorem[lI,  21.  In  thismethod, 
conductor  regions  and  boundaries  of two m a t e r i a l s  a r e  
d iv ided   in to  a number of   te t rahedra and t r i a n g u l a r  
elements,  respectively,  and unknown e l e c t r i c   f i e l d  
vec tors  and  magnetic flux dens i ty   vec to r s   a r e  assumed 
on boundaries  of two m a t e r i a l s ,  and unknown e l e c t r i c  
f i e l d   v e c t o r s  are assumed in   the  conductor   eqions.  
Electric f i e l d   v e c t o r s  and  magnetic  f lux  density 
vectors  on the   t r iangular   e lement  and e l e c t r i c   f i e l d  
vectors in the tetrahedron are approximated through the 
use  of   l inear   funct ion  coordinates .   After   determining 
these  unknown vectors,  3-dimensional eddy cur ren t  
d i s t r i b u t i o n s   i n  the conductors  are.computed. Here, a 
conducting  sphere model and a   square   p la te  model were 
chosen as examples. The computed results of  a 
conducting sphere model u s ing  th i s  method were examined 
i n  con t r a s t  t o  t hose  of a coupled circuit  model. 
FORMULATION OF BOUNDARY ELEMENT METHOD 
Formulation  f a boundary  element method f o r  
computing  3-dimensional eddy c u r r e n t  d i s t r i b u t i o n s  a r e  
i l l u s t r a t e d   b y   t h e  u s e  of t h e   t y p i c a l  eddy cur ren t  
problem shown i n   F i g .  1. Maxwell's  equations  for 
s inusoidal  time dependence  and t h e   c o n s t i t u t i v e  
r e l a t i o n s  are given by 
V x E = - j W  B -+ -+ 
+ + +  
v x H = j W E E + J  (2)  
(1) 
v . I ; = o  (3) 
y . B = O  
B = L l H , D = E E  
- + - +  
J = Js+ U E (6) 
+ 




where 4 is t h e   e l e c t r i c   f i e l d  
B is the  magnet ic   f lux  densi ty  3 is t h e  e l e c t r i c  f l u x  d e n s i t y  
H i s  the  magnetic  fiel.d 
The au thors   a re   wi th  Department  of Electrical 
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Fig. 1 Typical Eddy Current  Problem 
2 is the   cu r ren t   dens i ty  
Js is the  source  cur ren t  dens i ty  
u is the   conduct iv i ty  
11 is the   permeabi l i ty  
E is t h e   p e r m i t t i v i t y  
w is the  angular  frequency 
j i s  t h e  complex operator  
The second  term  on  r ight  side  of ( 6 ) ,  a ,  represents  
t h e  eddy cu r ren t  dens i ty .  
-+ 
Vector Green's Th.eorern[ll, I21 is given by 
I, (c  .VxVx$ - s-  VxVx6) d v  
= Is (6xVx6 - 6 x V X f ) - :   d s (7) 
where  P and Q a re   t he   vec to r   func t ions  of p o s i t i o n  
having   the   cont inuous   f i r s t  and second d e r i v a t i v e s  
within and on the  su r face ,  S ,  by  which the  reg ion ,  VI,  
is enclosed, and is t h e  normal un i t   vec to r  a t  
in t eg ra t ion  po in t .  
Subs t i tu t ing  $=$, &@ (2 i s  an a r b i t r a r y   u n i t  
vec to r )   i n to  (7) ,  and using (1) , ( 2 )  ,..., ( 5 )  and (6), 
t h e   e l e c t r i c   f i e l d ,  %il, a t  computation  point,  il, is 
obtained as follows: 
-+ -+ 
C i l E i l  = -Ivl(  j W 1 1  ss1O + jWVU E ) d v  -+  -+ 
-Is {-jW(Axzf) + + ( ? i x B ) x ~ ~  
+ (it .$) V$} d s  ( 8 )  
where + is a weighting  function($=1/47rr).   Similarly,  
the magnet ic  f lux densi ty  , E;,,, a t  computation p i n t ,  
il, i n  v1 is obtained.  That is 
C i l B i l  = I v l  ( L l  3slXvO + ) l U  $ X v @ )  d v  
-1s { jWV& ( Z x 3 )  o + (;x6) ~ V O  
+ (;.&)V$]ds (9) 
where c o e f f i c i e n t ,  C i l ,  is  decided  by  the  posit ion  of 
the  computation  point,  il, 
-+ 
C i l  = R i l  /4n (10) 
where nil i s  t h e  s o l i d  a n g l e  a t  il a s  shown i n  F i g .  1. 
In a similar way, t h e  e l e c t r i c  f i e l d ,  & 2 ,  and t h e  
magnetic  f lux  density,  Si2, a t  computation  point,  i2, 
i n  V2 are given 'by 
Ci,2 & = -Iv2 jWV0 3 s ~  @ d v  
-1s { jW(nxB) 9 - ($x$) X v @  - + +  
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where so i s  the external  magnet ic  f lux densi ty .  
magnetic flux density on the sur face ,  S ,  a re  g iven  by 
The boundary  condi t ions  for  the  e lec t r ic  f ie ld  and 
where  and a r e   t h   t a n g e n t i a l   u n i t   v e c t o r s  at. 
computation  poi t, i, on S ,  which i n t e r s e c t  
perpendicularly  to  each  other.   Next,  from ( 8 ) ,  (91, 
(ll), (12), and (13;, the  s imultaneous  equat ions  for  
t h e  e l e c t r i c  f i e l d s ,  ~ i ,  and the magnet ic  f lux densi ty ,  
~ i ,  a t  computation point, i, on S in  the  s ide  o f  V1 a r e  
obtained as follows: 
-+ 
where CL=EO/(&-ju/W) . Eni, is t h e  normal component of 
8,. E U i  and Evi   a re   the   t angent ia l  components  of Ei. 
Bni is  t h e  normal component of si. Bui  and Bvi a r e  
the  t angen t i a l  components of 3 5 .  Here, the  reg ion ,  V1, 
and the boundary surface, S ,  a re  d iv ided  in to  a number 
of   te t rahedra  nd  t r iangular   e lements ,   respect ively,  
and   e l ec t r i c   f i e ld   vec to r s  and  magnetic  flux  density 
vec tors  on the   t r iangular   e lement  and electric f i e l d  
vectors in the tetrahedron are approximated through the 
use   o f   l inear   unc t ion   c ord ina tes .  The f i n a l  
s imultaneous equat ions for  computing the electr ic  f ie ld  
and  magnetic  f lux  density  vectors  numerically  are 
formed by  using (14) ,(15), (16) and ( 1 7 )  a t  each 
computation  point  on  the boundary  surface, S ,  and 
by using ( 8 )  a t  each  computation p i n t  i n  t h e  r e g i o n ,  
VI, and  each element  of  thefi al  simultaneous 
equations is obtained by using numerical  integrations.  
After  determining  the unknown e l e c t r i c   f i e l d   v e c t o r s  
and  magnetic  flux  density  vectors,  3-dimensional,  eddy 
cur ren t  d i s t r ibu t ions  in  the  conductors  a re  computed by 
using ( 8 )  and t h e  second  term on t h e  r i g h t  s i d e  o f  (6). 
COMPUTATION  RESULTS 
A conducting sphere model and a square  p la te  model 
were chosen a s  examples  of t he   app l i ca t ion   o f   t h i s  
method . 
A Conductinq Sphere Model 
A conducting sphere model i n  a uniform a l t e r n a t i n g  
magnetic  field131  and  the  arrangement  of  tetrahedra 
and t r iangular   e lements   for  one e igh th   pa r t  of the  
Fig. 2 Arrangement of  Tetrahedra  and  Triangular 
Element of a Conducting Sphere Model 
/L x .T-. 
(a)  imaginary  components 
2 
( b )  r e a l  components 
Fig. 3 Dis t r ibu t ions   o f  Eddy Current 
i n  Conductinq Sphere 
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Z ,r 
(a) imaginary components 
(b)  real Components 
Fig. 4 Distributions  of  Magnetic  Flux  Density 
i n  Conducting sphere 
sphere  gion is shown in   F ig .  2 .  The number of 
te t rahedra  and t h a t   o f   t r i a n g u l a r  elements are 702 
and 54, respec t ive ly .  The computat ion  resul ts  of t h e  
eddy c u r r e n t  d i s t r i b u t i o n s  and those  of   magnet ic   f lux 
d e n s i t y   d i s t r i b u t i o n s  are shown in   F ig .  3 and  Fig. 4 ,  
r e spec t ive ly .   In   o rde r  t o  ver i fy   the   accuracy   of   the  
above method, a comparison between the boundary element 
model and a coupled  c i rcui t  model[41 a s  shown i n   F i g .  
5 was made., In   t h i s   ca se ,   t he   sphe re   r eg ion   o f   t he  
above c i r cu i t  model was d i v i d e d  i n t o  210 c i r c u i t s ,  w i t h  
the simultaneous equations formed as  fol lows:  
2 1  0 
j=1 
j S i  
( R i + j w L i ) I i +  C j w ~ ~ ~ I ~ = - j w @ i  (18) 
i = 1 , 2 ,  ..., 210 
where Ii and Ij are eddy  cu r ren t s  i n  co i l  i and coil j ,  
respec t ive ly .  and ti a r e   t h e   r s i s t a n c e  and t h e  
self   inductance for c o i l  i, respec t ive ly ,  Mi) is t h e  
mutual  inductance  between  coil i and c o i l  j and Qi is 
the   quan t i ty  of t h e   i n t e r l i n k e d   f l u x   f o r   c o i l  i. I L i  
and Mij f o r   c o i l  i and c o i l  j ,  shown in   F ig .  6 ,  a r e  
obtained by 
I 
Fig. 5 A Coupled C i r c u i t  Model 
k 3  Coil  j 
Fig. 6 Arrangement  of TWO Coi l s  
0 : Boundary  Element Model 
-: Nested Coupled C i r c u i t  Model 
2 . 0 r  
(a) imaginary  components 
(b) r e a l  components 
Fig. 7 Electric F i e l d  i n  a Conducting  Sphere 
alonq x-axis 
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where K ( k )  and E(k)  are the   f i s t   k ind   o f  comple t e  
e l l i p t i c   i n t e g r a l  and t h e  second  kind  ofcomplete 
e l l i p t i c  i n t e g r a l ,  r e s p e c t i v e l y ,  and k is given by 
4 a i  a, 
( a i   +a j  ) +h2 
k =  J ( 2 2 )  
A s  shown in  F ig .  7 ,  the   respect ive  computat ion  resul ts  
proved to  be  co inc iden t .  
A Square Plate Model 
The arrangement  of  tetrahedra  and  triangular 
e lements   for   one  fourth  par t   of   the   square plate i s  
shown in  Fig.  8. The number of   t e t rahedra   and   tha t   o f  
t r iangular   e lements   a re  288 and 1 1 2 ,  respec t ive ly .  The 
computation conditions of this model a r e  shown in  F ig .  
9 .  The computat ion  resul ts   of   the   square  plate  model 
i n  a un i t  a l t e rna t ing  magne t i c  f i e ld  and near a current 




Fig.  8  Arrangement  of  Tetrahedra  and  Triangular 
Elements of a Square Plate  Model 
Z 
I .02 
(a)  ly ing  in  a un i t  a l t e rna te  magne t i c  f i e ld  
00050 l-d+ 
I .02 
(b) lying near a current carrying conductor 
'T 
I=+--.- 
I " 1  I 
(a) ly ing  in  a  un i t  a l t e rna te  magne t i c  f i e ld  







(b) lying near a current carrying conductor 
Fig. 10 Dis t r ibu t ions   o f  Eddy Current 
i n  a Square Plate  
CONCLUSION 
In  this  paper,   the  boundary  element msthod f o r  
computing  3-dimensional  eddy  current  distributions  and 
the computation results were described. The computation 
results  of  aconducting  sphere model by t h i s  method 
almost  agreed  with  those  of  a  coupled  circuit  model. 
The advantage  of  th i s  method is  tha t  the  formula t ion  of  
t h i s  method is performed without gauge condition, which 
appears  in the  formulation  of f inite  lement method 
us ing  poten t ia l s ,  and boundary conditions of electric 
f i e l d  and  magnet ic   f lux  densi ty .are   physical ly   c lear .  
This method can be  applied  to  computation  of eddy 
cur ren t   d i s t r ibu t ions   i   magnet ic   mater ia l s  and 
conductors with 3-dimensional shapes. 
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